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NOTATION 

ts the veloci ty  of fluid; 
is the in t r ins ic  angular  ve loci ty  of fluid; 
is the density;  
ts the p r e s s u r e ;  
is the t ime;  
xs the t e m p e r a t u r e ;  
~s the gravi ta t ional  acce le ra t ion ;  
is the i so t ropic  specif ic  heat;  
is the t he rm a l  conductivity; 
is the s c a l a r  constant  with d imensions  of m o m e n t  of iner t ia  pe r  unit m a s s ;  
is the cycl ic  f requency;  
ts the wave number ;  
a r e  the v i scos i ty  coeff ic ients ;  
is the Kronecker  delta symbol ;  
is the Lev i -Civ i t a  t enso r  densi ty .  
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O S C I L L A T I O N S  O F  A V I S C O E L A S T I C  R O D  T A K I N G  

T H E R M O M E C H A N I C A L  C O U P L I N G  

I N T O  A C C O U N T  

V.  G.  K a r n a u k h o v  a n d  B .  P .  G u m e n y u k  UDC 539.376 

The effect  of t he rm om echan i ca l  coupling on the forced  longitudinal osci l la t ions of a v i s coe l a s t i c  
rod is invest igated.  

The wide use  of v i scoe la s t i c  m a t e r i a l s  in many  a r e a s  of modern  technology makes  it  impor tan t  to in-  
ves t iga te  thei r  behavior  under  d i f ferent  conditions. In this connection, it is of pa r t i cu l a r  i n t e re s t  to study the 
in terac t ion  between the deformat ion  and t e m p e r a t u r e  f ie lds ,  s ince v i scoe las t i c  m a t e r i a l s  have the abil i ty to 
d i ss ipa te  mechan ica l  energy ,  and exhibit  a cons iderable  t e m p e r a t u r e  dependence of the i r  phys icomechanica l  
p r o p e r t i e s .  Considera t ion  of the t he rmomechan t ca l  coupling leads to nonl inear i ty  in the ma thema t i ca l  f o r m u l a -  
tion of the p r o b l e m ,  and enables  a number  of e x t r e m e l y  in te res t ing  nonlinear  ef fec ts  to be explained. These  
f ea tu res  of v i scoe la s t i c  m a t e r i a l s  man i fes t  t hemse lves  m o s t  c lea r ly  during cycl ica l  deformat ion .  I t  is shown 
in [1], us ingthe  example  of the osci l la t ions  of a s y s t e m  with one degree  of f r e edom (a l a rge  load on a v i s c o -  
e las t ic  spring) that over  a ce r ta in  range of va r ia t ion  of the exci tat ion p a r a m e t e r  the a m p l i t u d e - f r e q u e n c y  and 
t e m p e r a t u r e - f r e q u e n c y  dependences a re  nonunique. These  resu l t s  w e r e  conf i rmed exper imenta l ly  in [2]. A 
s i m i l a r  p rob l em was cons idered  in [3] where  it was  es tab l i shed  that  for  per iodic  deformat ions  two s table  s t a -  
t ionary  s ta tes  with d i f ferent  t e m p e r a t u r e s  a re  poss ib le .  In this pape r  we inves t igate  the effect  of t h e r m o m e -  
c h a n i c a l c o u p l i n g o n t h e d y n a m l c b e h a v i o r o f  a v i scoe la s t i c  rod for  fo rced  longitudinal osc i l la t ions .  Subcri t ical  
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and c r i t i ca l  t h e r m a l  s ta tes  a r e  dist inguished.  We mean  by a c r i t i ca l  s ta te  the c h a r a c t e r i s t i c  l imi t ing  values  
of the exci ta t ion p a r a m e t e r  ~;  when this  is  exceeded, t h e r m a l  ins tabi l i ty  occu r s  (a sha rp  avalanchel ike  i n -  
c r e a s e  in t e m p e r a t u r e  with t ime,  the so -ca l l ed  t h e r m a l  explosion),  which leads  to softening of the m a t e r i a l .  
This  can f o r m  the bas i s  fo r  a c r i t e r ion  for  the exhaust ion of the ca r ry ing  capaci ty  of components  made  of v i s -  
coe las t ic  m a t e r i a l s  [4, 5]. 

Suppose a pe r iod ic  force  a x = a0cos cot (a 0 = const) is applied to the ends of a v i s coe l a s t i c  rod; the side 
su r face  and left  end of the rod (x = 0) a r e  t he rma l ly  insulated,  while the r ight  end (x = l) is  mainta ined at a 
constant  t e m p e r a t u r e  T 0. The rod m a t e r i a l  is a s sumed  to be the rmorheo log ica l ly  s imple .  The f requency  and 
t e m p e r a t u r e  dependence of the complex compliance for  s t r e t ch ing  has  the f o r m  [6] 

D* = Dt - -  iDz = (c t - -  ic2) coo ( T - -  Tt)v.  (1) 

The s t eady - s t a t e  motion of such a rod  in a s t a t ionary  t e m p e r a t u r e  field is desc r ibed  by the following nonl inear  
s y s t e m  of d i f ferent ia l  equations [6]: 

s~ + (I + 0)v ( b : t  + b2s2) = O, 

s~_ -+- (I + O)v (b~sz - -  b2si) = O, (2) 

with the boundary conditions 

o" + b,(l + o)~(s~ + s]) = 0 

s t = s o ,  s2=0 ,  0 ' = 0  ( ~ = 0 ) ,  

s t = s o ,  s~=0 ,  0 = 0  (g=  1), 
(3) 

where  

1 
$ 0 , 1 , 2  = {~0"0,I ,2;  O" .~- O" i --[- i0'2; Cf~ = ( 2 ~ , q l : ) ( o r 2 ) - 2  ; ~ = x/l;  0 .-~ ( T  - -  To)IT2; 
Ta ~ To - -  Tt; b t : . :  ci.2Pl2~ . 

The p r o b l e m  of de te rmin ing  the c r i t i ca l  t he rma l  s tate  of the rod can be fo rmula ted  as  the p rob l em of 
finding the c r i t i ca l  value of h, of the p a r a m e t e r  )t, above which there  a r e  no solutions of the boundary-value  
p r o b l e m  (2) and (3). 

To  solve Eqs.  (2) and (3) we will  use  the f in i te -d i f fe rence  approach  proposed  and tes ted  in [7]. The i n t e r -  
val  0 -< ~ -< 1 will be divided into N pa r t s  of length h at  the points ~j = jh 0 = 0, 1, . . . , N). The introduction 
of d i f ference  re la t ions  with a second o r d e r  of approximat ion  [8] leads  to a s y s t e m  of 3N-3 nonl inear  a lgebra ic  
equations in the quant i t ies  sl,2(~j) 0 = 1, 2, . . . , N - l ) ,  0(~j) 0 = 0, 2, 3, . . . .  N - l ) .  In this case  0(~1) = 
0(~0)-b2s2[1 + 0(~0)]Th2/2. The a lgeb ra i c  s y s t e m  obtained is  solved by the method of s t eepes t  descen t  [9]. As 
a r e su l t  we obtain the s t r e s s  s ta te  and the t e m p e r a t u r e .  To calculate  the c r i t i ca l  t h e r m a l  s tate  we inves t i -  
gated the dependence of the p a r a m e t e r  

)~= czl~o)1+~T~-t T% (4) 
q 

on the m a x i m u m  t e m p e r a t u r e  00 = 0(0), where  co 0 = (Tr2/ctpl2T~) 1/2 +ft. The highest  value on the X(00) curve is  the 
c r i t i ca l  value h, of the p a r a m e t e r  ?,. The dependence MO 0) is found by solving the above s y s t e m  of a lgebra ic  
equations in which the quantity 00 is ass igned ,  while the p a r a m e t e r  X is a s sumed  to be requi red .  

N u m e r i c a l  r e su l t s  obtained w e r e  for  a rod  of typical  v i s coe l a s t i c  m a t e r i a l  with the following data [8]: p = 
1214 k g / m  3, cl = 4 .43"10 -4 m2/N, c2 = 1.56"10-14 m2/N, fl = - 0 . 2 1 4 ,  y = 3.21, l = 0.0762 m ,  hq = 0.15 W / m . d e g ,  

T O = 18.3~ and Ti = -87 .2~  

F igu re  1 shows curves  of X(00) for  co = 1.5 �9 103 sec  -1 (curve 1) and co = 4 �9 1 0  3 s e c  - 1  (curve 2). We will  
indicate the e x t r e m a l  values  h 0 on the h(00) curves :  X~ (k = 1, 2, 3, 4) a r e  the m a x i m a ,  and X~ (k = 1, 2, 3) a r e  
the minima.  F o r  curve  1, )~s > h~, and for  curve  2 , ' k~  < X s.  The p r e s e n c e  of s e v e r a l  m a x i m a  on the curve  
conf i rms  the ex is tence  of s eve ra l  s table  s ta tes  (the monotonical ly  inc reas ing  par t s )  and unstable  s t a t e s  (the 
monotonical ly  dec reas ing  pa r t s ) .  These  s ta tes  a r e  defined by the points of in te rsec t ion  of the s t ra igh t  line 

= const  with the h(00) curve .  The rea l iza t ion  of one s ta te  o r  another  depends on the init ial  conditions of the 
nons ta t ionary  p rob lem.  In a number  of s i tuat ions a change f r o m  one s ta te  to another  is poss ib le .  The case 
when the s t r a igh t  line )t = const  l ies  above the X(00) curve ,  co r re sponds . to  t he rma l  instabi l i ty.  The c r i t i ca l  
value X. of  the p a r a m e t e r  X is  the g r ea t e s t  of the values  )~. 
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F i g .  1. C u r v e s  of k(80) fo r  f ixed  v a l u e s  of the  f r e q u e n c y :  1) o0 = 
1 . 5 " 1 0  ~ s e c  -1, 2) o0= 4 " 1 0  3 s e c  -1. 

F ig .  2. F r e q u e n c y  d e p e n d e n c e  of the e x t r e m a l  v a l u e s  of  the  k~ 
c u r v e s ;  o0 i s  in s e c  -1. 

F i g u r e  2 shows  c u r v e s  of k~ the  con t inuous  l i n e s  c o r r e s p o n d  to the  X~(o0) c u r v e s ,  and  the d a s h e d  l i n e s  
c o r r e s p o n d  to the k~(w) c u r v e s .  O v e r  the  f r e q u e n c y  r a n g e  0 < o0 -<o0+ t h e r e  a r e  four  s t a b l e  s t a t e s ,  f o r ~ +  < o0 -< 
oJ 2 t h e r e  a r e  t h r e e  s t a b l e  s t a t e s ,  f o r  r < o0-< oJ4 t h e r e  a r e  two s t a b l e  s t a t e s ,  and f o r  o0 > cut t h e r e  i s  one s t a b l e  
s t a t e .  In the r a n g e  o0t < ~d < r t r a n s i t i o n  f r o m  the f i r s t  s t a b l e  s t a t e  to the  s econd  i s  p o s s i b l e  (with k > ks ) ,  
and  in the r a n g e  0~ 3 < r < r t r a n s i t i o n  f r o m  the  s e c o n d  s t a b l e  s t a t e  to the  f ~ l r t h  i s  p o s s i b l e  (with k > k~). In  
the  r a n g e  0 = 0~ <- 0:1, R,  = k ~ ,  fo r  001 < ~--< 0 ~ , R ,  =X[,  and fo r  co> 0~, X , = k  4. 

F o r  the  s u b c r i t i c a l  t h e r m a l  s t a t e s  (k < 2t.) the  d e p e n d e n c e s  of the  t e m p e r a t u r e  on the l o a d i n g  f r e q u e n c y  
w e r e  ob t a ined .  C u r v e s  of 00(o0 ) a r e  shown in F ig .  3a (X = 0.289 - c u r v e  1, k = 0.42 - c u r v e  2) ,  3b (X = 0.66) ,  
and  3c (k = 0.84). The  cont inuous  l i n e s  c o r r e s p o n d  to s t a b l e  b r a n c h e s  of the c u r v e s ,  and  the d a s h e d  l i n e s  to 
u n s t a b l e  b r a n c h e s .  C u r v e  1 in F ig .  3a i s  c h a r a c t e r i s t i c  of  the  f a c t  tha t  the va lue  k = 0.289 l i e s  in the  r a n g e  of 
v a r i a t i o n  of ki(o0 ). When  ~ i n c r e a s e s  the t e m p e r a t u r e  i n c r e a s e s  s l owly  to  the  po in t  I (o0 = 5 . 1 0  S s e c - t ) ,  f r o m  
which  a j u m p  o c c u r s  to the  po in t  I I  on the  s e c o n d  s t a b l e  b r a n c h .  When  o0 i s  i n c r e a s e d  f u r t h e r ,  m o t i o n o c c u r s  
a l o n g  the  p a r t  I I - I I I .  When  o0 i s  r e d u c e d  the t e m p e r a t u r e  is  d e t e r m i n e d  by the po in t  on the  I I I - IV  s e c t i o n ;  f r o m  
p o i n t  IV (o0 = 3 .3 .  l 0  S s e c  -~) a j u m p  o c c u r s  to the  p o i n t  V on the f i r s t  s t a b l e  b r a n c h ;  then  the p a r t  V - 0  i s  o b -  
t a ined .  The  po in t  of i n t e r s e c t i o n  of the  s t r a i g h t  l i ne  k = 0.289 and c u r v e  1 in F ig .  2 c o r r e s p o n d s  to the  po in t  I. 
T h e  j u m p  to po in t  II  o c c u r s  when the cond i t ion  k~ < 0.289 beg ins  to be s a t i s f i e d .  T h e  s e c o n d  po in t  of i n t e r s e c -  
t ion  of  the s t r a i g h t  l i n e  k = 0.289 wi th  c u r v e  1' in F i g .  2 c o r r e s p o n d s  to  po in t  IV. A j u m p  to po in t  V o c c u r s  a s  
soon as  the  cond i t i on  k~ > 0.289 beg in s  to be s a t i s f i e d  a s  o0 d e c r e a s e s .  If  the  i n i t i a l  cond i t ion  of the  n o n s t a t i o n a r y  
p r o b l e m  is  such  tha t  the  s t a t i o n a r y  t e m p e r a t u r e  i s  desc r ibed"  by a po in t  on the  VI -VI I  b r a n c h ,  w h i c h ,  l i ke  the 
I I I - IV b r a n c h  c o r r e s p o n d s  to the  s e c o n d  s t a b l e  b r a n c h  of the  k(00) c u r v e s ,  then  a s  o0 i n c r e a s e s ,  and r e a c h e s  the 
po in t  VII (o0 = 1 .15-  103 s e c  -1) a j u m p  o c c u r s  to p o i n t  VII I  on the  f i r s t  s t a b l e  b r a n c h .  The  f i r s t  po in t  of i n t e r -  
s e c t i o n  of the s t r a i g h t  l ine  k = 0.289 wi th  c u r v e  1' in F ig .  2 c o r r e s p o n d s  to po in t s  VII .  A j u m p  o c c u r s  to po in t  
VII I  a s  soon  as  k~ > 0.289 as  o0 i n c r e a s e s .  

F o r  c u r v e  2 in F ig .  3a i t  i s  e s s e n t i a l  tha t  the  s t r a i g h t  l ine  k = 0.42 shou ld  l i e  above  the  2~(co) c u r v e .  In 
th i s  c a s e ,  a s  o0 i n c r e a s e s ,  and when the cond i t ion  k~ < 0.42 i s  s a t i s f i e d  (o: = 4 . 1 0  ~ s e e  -1) a j u m p  o c c u r s  f r o m  
po in t  IX to the  f i r s t  s t a b l e  b r a n c h  a t  the  po in t  X on the  s e c o n d  s t a b l e  b r a n c h  X I - X I I ,  bu t  when  o0 d e c r e a s e s  the 
r e v e r s e  j u m p  f r o m  the s e c o n d  s t a b l e  b r a n c h  to the  f i r s t  does  not  o c c u r .  

The  0o(o0) c u r v e  in F i g .  3b r e p r e s e n t s  the  c a s e  when the s t r a i g h t  l ine  k = c o n s t  i n t e r s e c t s  a l l  the  k~ 
c u r v e s ,  wi th  the  e x c e p t i o n  of k~(o0). F o r  th i s  c a s e  the p r e s e n c e  of i s o l a t e d  s t a b l e  b r a n c h e s  and two a b r u p t  
t r a n s i t i o n s  f r o m  the l o w e r  b r a n c h e s  to the h i g h e r  b r a n c h e s  i s  c h a r a c t e r i s t i c .  The  cu rve  0 - I  is  the f i r s t  s t a b l e  
b r a n c h ,  I I I - IV i s  the  s e c o n d ,  XIV-XV is  the t h i r d ,  and the p a r t  X - X I  and the  c u r v e  V - V I  i s  the  four th .  When  
o0 i n c r e a s e s  f r o m  0 the b r a n c h  0- I  i s  ob t a ined .  The  po in t  of i n t e r s e c t i o n  of the s t r a i g h t  l ine  k = 0.66 wi th  the 
k[(o0) c u r v e  c o r r e s p o n d s  to po in t  I (o0 = 2 . 7 5 . 1 0 3  s e c  -1. When  k [  < 0.66 a j u m p  o c c u r s  to p o i n t  II .  The  p a r t  I I -  
III  i s  then  ob ta ined .  The  s e c o n d  po in t  of i n t e r s e c t i o n  of the  s t r a i g h t  l ine  h = 0.66 wi th  the kS(o0) c u r v e  c o r -  
r e s p o n d s  to p o i n t  III  (o0 = 1 .36 .104  sec-~) .  When  k s < 0.66 i n t e r s e c t i o n  o c c u r s  a t  the po in t  IV. The  p a r t  IV-V 
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Fig. 3. Variat ion with frequency of the dimensionless  temperature .  
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is then obtained. The ~art  V-VI is obtained as w decreases .  The second point of in tersect ion of the s traight  
line k = 0.66 with the k3(w ) curve corresponds  to the point VI (w = 7. 5.103 sec-l) .  When k~ < 0.66 a jump 
occurs  to VII. The par t  VII-VIH is then obtained. The f i r s t  point of intersect ion of the s t ra ight  line k = 0.66 
with the ks(w) curve corresponds  to the point VIII (r = 500 sec-1). A jump occurs  f rom point VIII (for k~ < 0.66) 
to point IX. The point of in tersect ion of the s t ra ight  line k = 0.66 with the ks(w) curve and the f i r s t  point of 
in tersect ion of the s traight  line k = 0.66 with the ;t~(w) curve correspond to the points X (w = 1.9,103 sec -1) and 
XI (w = 3.3.103 sec-1). If the tempera ture  is determined by points on the X-XI section,  then f rom the point X, 
as w dec reases  when and the condition k s < 0.66 is sat isf ied,  and f rom the point XI, as w inc reases  and when 
the condition k~ > 0.66 is satisfied,  a jump occurs  to th[ points XII and XIII, respect ively .  The points of in ter -  
section of the s t ra ight  line k = 0.66 with the ks(w) and kz(~ ) curves  correspond to the points XIV (~ = 10 S sec -~) 
and XV (~ = 1.1 �9 103 sec-1). If the tempera ture  is determined by points on the XIV-XV section, then f rom the 
point XIV, as w decreas.es,  and when the condition k s < 0.66 is sat isf ied,  and f rom the point XV as w increases  
and when the condition ;t~ > 0.66 is satisfied,  a jump occurs  to the points XVI and XVII, respect ively.  

If the s t ra ight  line k = const is situated above all the k~(w) curves ,  a t ransi t ion f rom the low- tempera ture  
branches of the 00(w) curve to the h igh- tempera ture  branches can occur ,  but the r eve r s e  t ransi t ion is impos -  
sible. Figure  3c shows stable branches of the 00(~) curve for X = 0.84. In this case they are  isolated. The 
point of intersect ion of the s t ra ight  line ;~ = 0.84 with the k~(w) curve corresponds  to the point I (w I = 2.103 
sec-1), and the f i r s t  and second points of intersect ion of the s t ra ight  line ;t = 0.84 with the ~ (~ )  curve c o r -  
responds to the points II (r = 2.24- 103 sec -1) and HI (wii I = 8.05.103 sec-1), and the f i r s t  and second points 
of intersect ion of the s traight  line ;t = 0.84 with the ks(w) curve cor respond to points IV (wIV = 9.103 sec -1) and 
V (r = 1.76.104 sec-1). In the ranges  w I < w < wii , ~III  < w < wiV and r > wV thermal  instabili ty is observed.  

The variat ion with frequency of the s t r e ss  in the rod has the same form as the tempera ture  variation.  
F igure  4 shows the frequency dependence of the amplitude sa = (s~ + s2)l/2/s0 of the dimensionless  s t r e s s  at 
the middle point of the rod (~ = 0.5) for  ;t = 0.289. 
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It follows from the above results that when thermomechanical coupling is taken into account a viscoelas-  
tic rod behaves as a nonlinear mechanical system with a soft type of characterist ic.  

X 
l 

C2, C2, ~, T, Ti 
T 

f f  = r + iff2 
P 

O9 

~, O, Sl, s 2 
k 

NOTATION 

is the coordinate along the rod; 
is the length of the rod; 
are the constants of the material;  
is the temperature;  
is the complex amplitude of the harmonic s tress;  
is the density; 
is the thermal conductivity; 
is the angular frequency; 
are the dimensionless coordinate, temperature,  and s t ress  components; 
is the dimensionless loading parameter .  
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CALCULATION OF KINEMATIC COAGULATION OF AN 

AEROSOL IN A VARIABLE-SPEED GAS STREAM 

I. B. Palatnik and A. K. A zhibekov UDC 532.529.6 

A method is suggested for calculating the kinematic coagulation of drops in a variable-speed gas 
s tream when they are broken up by the gas stream. The results of the calculation are compared 
with test data. 

The problem of coagulation, part icularly of colloids, under the action of Brownian motion was f i rs t  
analyzed by Smolukhovskii [1] for the case of an isodisperse distribution. The equations for the general case 
of coagulation with a continuous polydisperse distribution were analyzed by Mfiller [2] and Tunitskii [3]. 

Two approaches to the calculation of particle coagulation are known (see [4], for example). The f i rs t  
is based on the study of the evolution of the drop sizes of the fractions under consideration. This method, be- 
cause of a certain analogywithclassical  hydrodynamics, received the name of the Lagrange method. The 
second is based on the determination of the numbers of particles of fixed sizes and is named the Euler method. 

Henceforth we will analyze the problem of coagulation of apolydisperse system of part icles by the Euler 
method. 

When the particle spectrum is assigned in the form of a varying mass distribution function 

dN - -  f (m, "~) din, (1) 
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